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We have revisited the Dirac theory in 1 + 1 and 2 + 1 dimensions by using the covariant repre-
sentation of the parity-extended Poincare´ group in their native dimensions. The parity operator
plays a crucial role in deriving wave equations in both theories. We studied two position operators,
a canonical one and a covariant one that becomes the particle position operator projected onto the
particle subspace. In 1 + 1 dimensions the particle position operator, not the canonical position
operator, provides the conserved Lorentz generator. The mass moment defined by the canonical po-
sition operator needs an additional unphysical spin-like operator to become the conserved Lorentz
generator in 1 + 1 dimensions. In 2 + 1 dimensions, the sum of the orbital angular momentum
given by the canonical position operator and the spin angular momentum becomes a constant of
motion. However, orbital and spin angular momentum do not conserve separately. On the other
hand the orbital angular momentum given by the particle position operator and its corresponding
spin angular momentum become a constant of motion separately.
PACS numbers:
I. INTRODUCTION
The complexity and experimental inaccessibility of the 3 + 1 dimensional Dirac theory necessitate the study of the
low-dimensional Dirac theory to understand the fundamental nature of relativistic quantum effects. The simulation
of a free Dirac fermion has been proposed and implemented using several low-dimensional physical systems [1–8]. The
equivalence of the effective system and the Dirac system is induced by the equality of the Hamiltonian between the
two systems. The Hamiltonian alone, however, cannot reveal the subtleties inherent in the theory. Moreover, the
Hamiltonian of the low-dimensional Dirac theory has been determined by projection from the physical dimension in
general.
One of the fundamental natures of relativistic quantum effect is the Zitterbewegung [9]. Experimental results ob-
served in the effective systems have showed Zitterbewegung-like trembling motion [5, 10], but it is not clear whether
these trembling motions are the physical Zitterbewegung or the mere universal interference effects in the two-level sys-
tem causing self-acceleration [11]. On the contrary, using the quantum field theoretic simulation of the pair-production
process in vacuum, Krekora et al. found that any Zitterbewegung in quantum field theory is prohibited, which means
that Zitterbewegung cannot be observed for a real electron [12]. In fact, the existence of the Zitterbewegung for a
single Dirac particle was expected depending on the definition of the position operator [9, 13, 14].
That is, the problem of whether the observed trembling motion is the physical Zitterbewegung can be translated
into the problem of which position operator is the proper relativistic observable. With this problem in mind, the study
of the theory in its native dimension is required. The unitary irreducible representations of the Poincare´ group in 2+1
dimensions are given by Binegar [15]. The dynamics determined by the wave equation, however, are represented in the
covariant representation, which is non-unitary. The author showed that only unitary representations with half-integer
spin for massive particles have relevant massive covariant field theories. They did not discuss the physical operators
such as position and spin operators.
Hence, in this paper, we revisit the 1+ 1 and 2+ 1 dimensional Dirac theory by directly constructing the covariant
representation of the parity-extended Poincare´ group in its native dimension. The state vector in the covariant
representation is the solution of the Dirac equation that will be shown to be naturally reproduced by using a parity
operation on the state vector. The invariance under the parity operation requires the direct sum representation in
1+ 1 dimensions similar to the Dirac bispinor in 3+ 1 dimensions because there are two inequivalent representations,
the left- and the right-handed representations [16]. Recently, the change of spin-spin entanglement under Lorentz
boosts was studied using the Dirac bispinor structure [17]. We have studied two kinds of position operators, one
the canonical position operator and the other the covariant position operator in the sense that is defined by the
similarity transformation of the canonical position operator with the boost generator, in 1 + 1 and 2 + 1 dimensions.
We shall show that the position operator, which gives the conserved angular momentum in 2 + 1 dimensions, is the
particle position operator given by the projection of the covariant position operator onto the particle subspace. This
2is similar to 3 + 1 dimensional case, where several position operators are discussed through the decomposition of
the total angular momentum into orbital angular momentum and spin [18–21]. Hence, the proper spin operator in
3 + 1 dimensions would be determined by using the parallel logic from several spin operators [16, 22, 23]. The 1 + 1
dimensional case is also interesting because there is no spin in 1 + 1 dimensions. In this case the conservation of the
Lorentz boost itself will provide the argument for selecting the proper position operator. We will show that the result
is the same for 2 + 1 dimensional case.
The paper is organized as follows. In sec. II we reconstruct the Dirac theory and study two kinds of position
operators focusing on the conservation of the Lorentz boost operator in 1+1 dimensions. In sec. III we will do similar
work in 2 + 1 dimensions. In sec. IV we conclude with the results.
II. PROPER POSITION OPERATOR IN THE 1 + 1 DIMENSIONAL DIRAC THEORY
A. 1 + 1 dimensional Dirac theory
The symmetry group of the 1 + 1 dimensional Dirac theory is the parity-extended inhomogeneous proper or-
thochronous Lorentz group ISO(1, 1). The inhomogeneous Lorentz group IO(1, 1) is defined by the following coordi-
nate transformations xµ → x′µ as
(Λ, a) : x′µ = Λµνx
ν + aµ (1)
in the 1 + 1 dimensional Minkowski space with the metric tensor ηµν = diag(+,−), where µ, ν ∈ {0, 1}. aµ is an
arbitrary spacetime translation vector and the transformations given by Λµν form a Lorentz group satisfying the
conditions
ηµνΛ
µ
ρΛ
ν
σ = ηρσ. (2)
Two successive Poincare´ transformations on xµ give the multiplication law
(Λ¯, a¯) · (Λ, a) = (Λ¯Λ, Λ¯a+ a¯), (3)
which shows that the inhomogeneous Lorentz group is the semi-direct product of the translation and the Lorentz
group:
IO(1, 1) = R2 ⋊O(1, 1). (4)
On physical ground, we are interested in the transformations corresponding to the change of the inertial observers,
which is given by the proper orthochronous Lorentz group ISO(1, 1) with detΛ = +1 and Λ00 ≥ 1. We call the
inhomogeneous proper orthochronous Lorentz group ISO(1, 1) 1 + 1 dimensional Poincare´ group. The Lie algebra
iso(1, 1) of the Poincare´ group is represented by the translation generators P 0 and P 1, and the boost generator J01.
The iso(1, 1) algebra is
[P 0, P 1] = 0, [Pµ, J01] = −iηµ0P 1 + iηµ1P 0. (5)
The iso(1, 1) algebra admits only one second-order Casimir operator
m2 = PµPµ, (6)
which indicates that representations are classified only by the mass m.
There are two inequivalent covariant representations for the Poincare´ group, whose base states are constructed by
acting on the standard momentum state |m2; kµ〉 with the Lorentz boost U(Λ), i.e.,
U(Λ)|m2; kµ〉 = eiω01J01 |m2; kµ〉 = e±ξ/2|m2; pµ〉, (7)
where kµ = (m, 0), pµ = Λµνk
ν = (p0, p1), similar to the 3 + 1 dimensional case [24]. There is no one-dimensional
matrix that maps eξ/2 into e−ξ/2 by similarity transformation. Here, |m2; pµ〉 is a general momentum eigenstate and
ω01 = ξ is the rapidity of the boost transformation, which is defined by tanh−1[|p1|/(p0 +m)]. Eq. (7) implies the
following conditions
J01 = −ip1∂p0 − ip0∂p1 ±
i
2
, (8)
3where ∂p0 = ∂/(∂p
0) and ∂p1 = ∂/(∂p
1).
e±ξ/2 are two inequivalent one-dimensional representations of a non-compact 1+1 dimensional proper orthochronous
Lorentz group SO(1, 1) and the direction of the boost would be reversed under space inversion; hence these two
representations are transformed to each other under parity (space inversion) as
under parity : eξ/2 ←→ e−ξ/2. (9)
Two inequivalent representations corresponding to eξ/2 and e−ξ/2 are called left- and right-handed representations,
respectively, following the 3 + 1 dimensional case [16].
To construct a representation theory involving parity operation properly, the corresponding representation space
requires both the left-handed and the right-handed representation of the Poincare´ group. Therefore, the irreducible
representation of the 1+1 dimensional Poincare´ group extended by parity is obtained by the direct sum representation,
whose natural choice of base state is
ψc(p)|m2; pµ〉 ≡
(
eξ/2
e−ξ/2
)
|m2; pµ〉. (10)
The ψc(p) is the state in the finite-dimensional representation of the parity-extended 1+1 dimensional Poincare´ group
depending on the momentum pµ; hence Eq. (10) is not the tensor product of the two states ψ(p) and |m2; pµ〉. We
will consider only ψc(p) because we will work on the momentum representation with specific momentum p
µ. The
state ψc(p) is called the chiral representation following 3 + 1 dimensional case [16].
In this representation, the boost transformation is represented by exp (σ3ξ/2). Then the state ψc(p) can be consid-
ered as the boost-transformed state from the rest state ψc(k) as
ψc(p) =
1√
2
eσ3ξ/2
(
1
1
)
, (11)
where
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
(12)
are three Pauli matrices. The state ψc(k) = (1, 1)
T /
√
2 with ξ = 0 in Eq. (11), where superscript T denotes transpose,
is the rest state because ξ = 0 in the rest frame.
The parity operator P transforms the state ψc(p) to
Pψc(p) = 1√
2
(
e−ξ/2
eξ/2
)
(13)
from Eq. (9). Then the state ψc(p) is normalized by the following Lorentz invariant scalar product as
ψTc (p)Pψc(p) = 1. (14)
The dimension of the irreducible representation of the 1 + 1 dimensional Poincare´ group extended by parity is two;
hence another base state orthonormal to the ψc(p) under the Lorentz invariant scalar product is needed, which is
ψAc (p) =
1√
2
(
eξ/2
−e−ξ/2
)
, (15)
and ψTc (p)PψAc (p) = 0, where the meaning of the superscript A will be clear in the following.
The parity operations on the two base states ψc(p) and ψ
A
c (p) are represented by σ1 and −σ1, respectively. The
parity transformed states σ1ψc(p) and −σ1ψAc (p) can also be obtained by the action of the standard Lorentz boost
e−ξσ3 on each state ψc(p) and ψ
A
c (p), respectively. This fact gives the dynamical equations
(p0σ1 − p1σ1σ3 −m)ψc(p) = 0, (16)
(p0σ1 − p1σ1σ3 +m)ψAc (p) = 0,
which correspond to the covariant Dirac equations for a particle and an antiparticle in 1 + 1 dimensions similar to
the 3 + 1 dimensional case [16]. Then the superscript A clearly implies an antiparticle. These two covariant Dirac
equations can be rewritten as the usual form
(pµγµ −m)ψc(p) = 0 and (pµγµ +m)ψAc (p) = 0, (17)
4by defining the gamma matrices in the chiral representation
γ0 = σ1 and γ
1 = −iσ2, (18)
which satisfy the Clifford algebra
{γµ, γν} = ηµν , (19)
where {, } is the anti-commutator. Therefore, ψc(p) and ψAc (p) correspond to a particle and an antiparticle state,
respectively.
B. Position operators in 1 + 1 dimensions
In this subsection, we will obtain a position operator, which gives the conserved mass moment J01 that should be
a conserved quantity, as a consequence of Noether’s theorem under the 1+1 dimensional Poincare´ symmetry [16, 25].
The translation generators Pµ become the momenta pµ.
For this purpose, we will use the Hamiltonian for a particle in the usual standard representation [5], which is
switched from the chiral representation in Eq. (16) by the transformation matrix
S =
1√
2
(
1 1
1 −1
)
. (20)
The transformation matrix S transforms γµ to
γ0 = σ3, γ
1 = iσ2. (21)
Here we will focus on a particle case because the reasoning for an antiparticle is parallel to the particle case, and
straightforward. Then in the standard representation, the Hamiltonian of a particle becomes
H = σ1p
1 +mσ3. (22)
Then the particle state ψ(p) in the standard representation, which is the eigenstate of the particle Hamiltonian H , is
obtained by the boost transformation as
ψ(p) = eσ1ξ/2
(
1
0
)
= eσ1ξ/2
1 + σ3
2
(
1
0
)
. (23)
We will consider two kinds of position operators: one is the usual canonical position operator x0 = −i∂/(∂p0) ≡
−i∂p0 and x1 = i∂/(∂p1) ≡ i∂p1 , and the other is the covariant position operator defined by
X1N ≡ eσ1ξ/2x1e−σ1ξ/2 and X0N = x0 (24)
following the 3 + 1 dimensional case in Ref. [16, 26]. Note that both position operators satisfy the canonical
commutation relation as
[x1, p1] = [X1N , p
1] = i. (25)
For the canonical position operator, the canonical mass moment J01D defined as
J01D = x
0p1 − x1p0, (26)
is not conserved, because the time derivative of J01D becomes
dJ01D
dt
= −i[J01D , H ] +
∂J01D
∂t
= −p0σ1 + p1 (27)
in the Heisenberg representation, and also (dJ01D /dt)ψ(p) is definitely not zero. Here we use natural units c = ~ = 1.
Hence the mass moment J01D corresponding to the canonical position operator is not conserved.
5Next let us consider the covariant position operator X1N , which transforms to the particle position operator X
1 as
X1Nψ(p) = e
σ1σ3ξ/2x1e−σ1σ3ξ/2ψ(p) ≡ X1ψ(p), (28)
when it acts on the particle state ψ(p), using Eq. (23) and
exp (σ1ξ/2)
1 + σ3
2
= exp (σ1σ3ξ/2)
1 + σ3
2
. (29)
The matrix e−σ1σ3ξ/2 corresponds to the Foldy-Wouthuysen (FW) transformation matrix in 1 + 1 dimensions [13].
Under the similarity transformation by this FW matrix the Hamiltonian transforms to
H ′ = e−σ1σ3ξ/2Heσ1σ3ξ/2 = Eσ3, (30)
The particle position operator X1 is explicitly calculated as
X1 = x1 − m
2E2
σ2. (31)
The mass moment J01P corresponding to the particle position operator X
µ is defined as
J01P = X
0p1 −X1p0. (32)
This J01P gives a conserved Noether charge unlike the J
01
D in Eq. (26) because it satisfies
dJ01P
dt
= −i[J01P , H ] +
∂J01P
∂t
= −p1 p
0H
E2
+ p1 (33)
such that
dJ01P
dt
ψ(p) = 0. (34)
The above considerations imply that the generator of the Lorentz boost J01 of the 1 + 1 dimensional Poincare´ group
should be given by J01P corresponding to the particle position operator, not J
01
D corresponding to the canonical position
operator.
For completeness, we add a comment on the conservation of the Lorentz boost using the canonical position operator.
The J01D alone is not constant of motion as was shown. The spin-like term can be defined by the gamma matrices in
the standard representation as
S01D =
i
4
[γ0, γ1] =
i
2
σ1, (35)
which has the property
[S01D , H ] = ip
0σ1 − ip1. (36)
Hence the sum of J01D and S
01
D gives
d(J01D + S
01
D )
dt
= −i[J01D + S01D , H ] +
∂
∂t
J01D = 0 (37)
This implies that the sum J01D +S
01
D , not J
01
D itself, is the representation of the Lorentz generator J
01. The J01D +S
01
D
is nothing but
X0Np
1 −X1Np0 (38)
and is also the same as the direct sum representation of the Lorentz generators in Eq. (8). However, there is no
physical operator corresponding to the S01D in 1 + 1 dimensions. Consequently we can conclude that the particle
position operator is the proper position operator for 1 + 1 dimensional Dirac theory.
6III. PROPER POSITION OPERATOR IN THE 2 + 1 DIMENSIONAL DIRAC THEORY
A. 2 + 1 dimensional Dirac theory
The Poincare´ algebra iso(2, 1) can be obtained by projection from 3+1 dimensional Poincare´ algebra [24]. There are
two Casimir operators in the 2+1 dimensional Poincare´ group ISO(2, 1); hence all unitary irreducible representations
of the 2+1 dimensional Poincare´ group are given by (m, s), where the real number s labels the irreducible representation
of the little group SO(2) in the form of exp (isθ) for the rotation angle θ [15, 27].
Here we are interested in the covariant representation for spin 1/2 because the covariant state for spin 1/2 satisfies
the 2 + 1 dimensional Dirac equation [15]. The covariant state for spin 1/2 can be denoted as
ψ(p)|m2; pµ〉 (39)
where pµ = (p0, p1, p2) and ψ(p) is the spinor state that will be explicitly determined in the following.
The faithful irreducible spinor representation of the Lorentz generator for the 2 + 1 dimensional Poincare´ group is
given by
J01 =
i
2
σ1, J02 =
i
2
σ2, J12 =
σ3
2
, (40)
through the Clifford algebra
γµγν + γνγµ = ηµν (41)
with
γ0 = σ3, γ1 = iσ2, γ2 = −iσ1 (42)
in the standard representation similar to the 3+ 1 dimensional case [16]. Here the metric tensor ηµν = diag(+,−,−).
Then the Lorentz transformation is represented in the spinor space by
eiJ
µνωµν/2 = e−iJ
0iω0i+iJ12ω12 = e±σ·ξ/2+iσ
3θ/2 (43)
where σ · ξ = σkξk, ω0i = ξi is the i-component of the rapidity vector ξ with √ξ · ξ = tanh−1[√p · p/(p0 +m)], and
ω12 is the rotation angle θ. We use the Einstein summation convention. The Latin indices run through 1 and 2 and
the Greek indices run from 0 to 2.
In Eq. (43) the ± correspond to the left-handed and the right-handed representation of the Lorentz boost. Note
that the left-handed representation is equivalent to the right-handed representation because they are transformed into
each other by the similarity transformation with σ3. Therefore the spinor representation of the parity-extended 2+ 1
dimensional Poincare´ group given by ψP/AP (p) is equivalent to the spinor representation of the 2 + 1 dimensional
Poincare´ group, which is different from the 1 + 1- and 3 + 1 dimensional cases. The two spin eigenstates for σ3/2
constitute the base states of the fundamental spin state representation of SO(2, 1), which are
ψP (k) =
(
1
0
)
, ψAP (k) =
(
0
1
)
(44)
with kµ = (m, 0, 0). Then the boosted state ψP/AP (p) with pµ = (p0, p1, p2) becomes
ψP/AP (p) = e±σ·ξ/2ψP/AP (k). (45)
The parity operator is represented by σ3 and −σ3 for ψP (p) and ψAP (p), respectively, where the − sign in −σ3
is determined based on the fact that the parity operation does not change the state at the rest frame. The parity
operations σ3 and −σ3 on ψP (p) and ψAP (p), respectively, derive the covariant Dirac equations for a particle and
antiparticle
(γµpµ −m)ψP (p) = 0 (46a)
(γµpµ +m)ψ
AP (p) = 0. (46b)
Hence, the superscripts P and AP denote particle and antiparticle, respectively.
7B. Position operator in 2 + 1 dimensions
As in the 1+1 dimensional case in sec. II B, we will consider the two kinds of position operators: the usual canonical
position operators x0 = i∂p0 and x
k = −i∂pk , and the covariant position operators defined by
XkN = e
σ·ξ/2xke−σ·ξ/2 and X0N = x
0. (47)
Both kinds of position operators satisfy the canonical relations, i.e.,
[xk, pl] = [XkN , p
l] = iδkl, (48)
where δkl is the Kronecker delta.
In the 2 + 1 dimensional case, there is a spin that labels the representation of the little group SO(2). The 2-
dimensional spinor ψ(p) is the direct sum of the particle spinor ψP (p) and the antiparticle spinor ψAP (p). The spin
operator for this 2-dimensional representation is
σ3
2
(49)
given by the usual definition of the spin operator as
S12D =
i
4
[γ1, γ2], (50)
where S12D is the spin angular momentum that gives the total angular momentum
J12D = S
12
D + L
12
D (51)
by addition of the canonical orbital angular momentum defined by
L12D = x
1p2 − x2p1. (52)
The Dirac Hamiltonian for a particle becomes
H = σ · p+mσ3. (53)
from Eq. (46a). One can easily check that the total angular momentum J12D is conserved, but the orbital and the
spin angular momentum are not conserved separately., i.e.,
[L12D , H ] = iσ
1p2 − iσ2p1 and [S12D , H ] = −iσ1p2 + iσ2p1. (54)
Next, let us consider the conservation of the angular momentum corresponding to the covariant position operator
XkN . X
k
N becomes the particle position operator X
k when it acts on the particle spinor ψP (p) as follows
XkNψ
P (p) = XkψP (p) = e−σ
3σ·ξ/2xkeσ
3σ·ξ/2ψP (p) (55)
=
[
xk − ipk E + σ
3σ · p
2E2(E +m)
+ i
(E +m)σ3σk + σ · pσk
2E(E +m)
]
ψP (p),
where the unitary matrix
eσ
3σ·ξ/2 =
E +m+ σ3σ · p√
2E(E +m)
(56)
corresponds to the unitary FW transformation matrix. And the corresponding particle spin is defined by
S12 = e−σ
3σ·ξ/2σ
3
2
eσ
3σ·ξ/2 =
I
2
, (57)
where I is the two-dimensional identity matrix. One can easily check that the particle orbital angular momentum
operator,
L12 = X1p2 −X2p1, (58)
8and the particle spin operator commute with the Dirac Hamiltonian H separately. The particle total angular momen-
tum defined as
J12 = L12 + S12 = X1p2 −X2p1 + I
2
(59)
is equal to the total angular momentum J12D in Eq. (51), which is the generator of the spatial rotation defined by
ip2∂p1 − ip1∂p2 + iσ1/2. That is, both total angular momentum operators corresponding to the canonical and the
covariant position operator are the same as the rotation generator of the 2+1 dimensional Poincare´ group. The little
group symmetry requires that the spin should be a conserved quantity as a consequence of Noether’s theorem [16, 25].
This fact implies that the position operator corresponding to the spin operator, which transforms the spinor under
the little group symmetry, is the covariant and particle position operators.
The mass moment operator J0k in iso(2, 1) algebra has no spin part; however, to obtain the conserved mass moment
the following spin-like term
S0kc =
i
4
[γ0, γk] =
i
2
σk (60)
should be added to the canonical mass moment of
J0kc = x
0pk − xkp0 (61)
similar to the mass moment in iso(1, 1) algebra. However, the mass moment J0k does not play any crucial role to
determine a proper position operator, unlike the total angular momentum J12, which has the actual spin operator
term.
IV. CONCLUSIONS
We studied the Dirac theory and two kinds of position operators, one the usual canonical position operator and the
other the covariant position operator, in 1+ 1 and 2+ 1 dimensions. In 1+ 1 dimensions, there exist two inequivalent
representations, the left-handed and the right-handed representations, which are transformed into each other under
the parity operation. Using the direct-sum representation for the parity-extended ISO(1, 1) group and the parity
operation, we derived the dynamical equations for a particle and an antiparticle in 1+1 dimensional Dirac theory. To
represent the conserved Lorentz generator J01 of ISO(1, 1) group, the mass moment operator given by the canonical
position operator needs an additional spin-like operator. However, the covariant position operator, defined by the
similarity transformation of the canonical position operator with the boost generator, provides the conserved mass
moment operator through the particle position operator without requiring the artificial spin-like term. This suggests
that the proper position operator is the covariant position operator because there is no physical spin-like operator to
transform the internal space in 1 + 1 dimensions.
In 2 + 1 dimensions, the faithful two-dimensional spinor representation provides equivalent representation between
the left-handed and the right-handed representations. Hence, the two-dimensional spinor representation includes both
the left-handed and the right-handed spinors. We also derived the covariant dynamical equations for a particle and
an antiparticle using a parity operation in 2+1 dimensional Dirac theory. We have shown that the covariant position
operator equally defined as in 1 + 1 dimensions becomes the particle position operator acting on the particle spinor
and its corresponding orbital and spin angular momentum are conserved separately. As a result, we conclude that
the covariant position operator is also the proper position operator in 2 + 1 dimensional Dirac theory, because the
spin operator should be a constant of motion reflecting the fact that the spin operator is the generator of the little
group symmetry.
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